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Abstract

Estimating the amount and center of distortion from lines
in the scene has been addressed in the literature by the so
called “plumb-line” approach. In this paper we propose a
new geometric method to estimate not only the distortion
parameters but the entire camera calibration (up to an “an-
gular” scale factor) using a minimum of 3 lines. We pro-
pose a new framework for the unsupervised simultaneous
detection of natural image of lines and camera parameters
estimation, enabling a robust calibration from a single im-
age. Comparative experiments with existing automatic ap-  Figure 1: Proposed unsupervised calibration result.
proaches for the distortion estimation and with ground truth
data are presented.

Unsupervised
Calibration

calibrated from a minimum a8 line images {]. Neverthe-
less, and to the best of our knowledge, the possibility of cali-
brating the intrinsics of dioptric camera with distortion from

3 lines has never been reported. It is also shown that there

We investigate the problem of fully calibrating an im- are some differences with respect to the para-catadioptric
age with signi cant distortion without requiring any type of case, namely the possibility of recovering aspect-ratio and
manual supervision. A solution for automatic, single frame skew from a single line projection, and the fact that the dis-
calibration is specially relevant in the case of images minedtortion can only be computed in pixels, being proved that
from the internet, for which knowing the camera parame- line information is insuf cient to decouple the focal length
ters can be useful for multiple tasks. Possible applicationsparameter from the distortion parametemm. Such de-
include the distortion correction via image warping for vi- coupling requires additional information that is often avail-
sualization purpose<{], the normalization of images for able (e.g. the EXIF tag, the nominal eld-of-view) and only
subsequent use in content retrieval framewoiks, [the es- knowing the distortion in pixels still enables accurate dis-
timation of camera rotation by aligning vanishing directions tortion compensation with the focal length being chosen as
with a manhattan world scené][ or the inference of 3D  a function of the desired resolution for the output perspec-
metric information from the image’f]. tive [20].

The article considers the case of cameras with distortion The main contribution of the paper is a processing
that can be described by tHeparameter division model pipeline that receives as input a set of image contours, se-
(DM) [7,11], and assumes that the imaged scene has a realects the ones that are likely to be projections of lines, and
sonable number of straight lines. We propose for the rst outputs both the detected lines and the camera calibration
time a calibration algorithm that, given the image3dines, parameters (see Fid). While standard "plumb-line” cal-
it estimates the distortion, principal point, aspect ratio, and ibration requires user intervention for selecting the image
skew. Such result is not surprising if we consider that the edges that are projection of lines, our method carries this
division model has obvious resemblances with the stere-operation in a fully automatic manner. The line contours
ographic projection used to describe the para-catadioptricare detected in the clutter by evaluating their geometric con-
sensor §], and that para-catadioptric cameras can be fully sistency with putative calibrations. This leads to a complex

1. Introduction



problem of multi-model tting that is dif cult to solve in Contrary to what happens with conventional perspective
practice. We start by showing that, if the camera is cali- cameras, in the case of cameras with distortion it is possi-
brated, then the line detection can be conveniently casted able to recover calibration information from the projection
an Uncapacited Facility Location (UFL) problem7] that of 3D lines in random positionZ]/]. Since lines are fea-
enables correct selection and clustering of contours. For thetures that often appear in natural images, with special rel-
uncalibrated case we use contour triplets to establish differ-evance in the case of man-made environments, line-based
ent calibration hypothesis that give raise to different UFL calibration is an appealing proposition. The rst contribu-
instances. These multiple (UFL) instances can be combinedions in camera calibration using the so-called “plumb-line”
in a large Hierarchical Facility Location (HFL).P] prob- constraint go back to the 70's when Brown suggested to
lem for whose solution is the solution of the UFL instance model the distortion by a polynomial and estimate its pa-
with lowest energy. This provides an ef cient, robust man- rameters by straightening up the lines in the imagdel[at-
ner of simultaneously detecting the line contours and nd- ter on, Brauer-Burchardt et al/][and Fitzgibbon 1] si-
ing the camera calibration. multaneously proposed to describe the image distortion by a
The approach is validated through extensive experimentsl-parameter rational function. The geometry of line projec-
using real images that prove the feasibility of unsupervisedtion considering the DM was investigated by Barretodh [
"plumb-line” calibration. It is important to mention that, al- He concluded that, similarly to para-catadioptric cameras,
though the algorithm has been originally designed for han- the lines in 3D are projected into a family of conic curves
dling fully uncalibrated images, we verify that in practice that intersect in two points and satisfy an harmonic con-
weak assumptions about the camera aspect ratio and skeyugate relation with two other pointsl]. He also showed
dramatically improve the stability and robustness of results. that the conic where a line is projected has only two inde-
The reason for this is that the detected arc contours are usupendent degrees-of-freedom (DOF) and that, if the center is
ally small and, under strong occlusion, it is dif cult to ob- known, then it is possible to estimate and correct the im-
tain plausible conic estimatior] and, consequently, plau- age distortion using a single line. More recently Wang. et
sible calibration hypothesis to be used in the (UFL)-(HFL) al. proposed an algorithm for computing both the distor-
framework. Nevertheless, this barely limits the usefulnesstion parameter and the principal point from an image of 3
of the algorithm because the assumption of zero skew andines [24] using an algebraic interpretation of the division
square pixels is veri ed by the vast majority of the images model. In all these works the user is required to manually

available in the internet. select the image contours corresponding to the projection
of lines. Very recently Bukhari et al9] suggested an algo-
1.1. Related work rithm for automatically detecting lines and accomplishing

h . librati ¢ ith di .. the calibration following the methods of{]. We advance
The geometric calibration of cameras with distortion is o state-of-the-art in “olumb-line” calibration by showing

E Well—csjtudlgg t((j)plc, r\:th several rnethods and approa;;hes[hatS lines enable to also recover the aspect ratio and skew
eing described in the literature4. However, none o and, more importantly, by providing an algorithm for unsu-

tr;e_se solut|o_ns (;sfwell shwt_ed for theAautomzla_tl;c c_ahbratlcr)]n pervised calibration that largely outperforni$ in terms of
of images mined from the internet. Auto-calibration tech- accuracy, robustness, and computational ef ciency.

niques rely in point correspondences across views for de- . . .
. ynp P The structure of the paper is as follows: section 2 in-

termining both motion and camera parametérs ], but it ; .
. . troduces some background notions, section 3 addresses the
does not apply to our case where we have in general a single

frame. Barreto et al. showed ifi][that it is possible to full problem of camera calibration from 3 lines and section 4
o L . 1S pos . y addresses the problem of line extraction from calibrated im-
calibrate a camera with distortion using a single image of a

. . .~ .ages. In section 5 we present the unsupervised calibration

chessboard pattern. Since we are addressing the calibration . . : .
) ) . algorithm and section 6 shows the experimental results. Fi-

of images of natural scenes, this approach is also no solu- : : i

. nally, conclusions are drawn in section 7.

tion for our problem. Very recently, Zhang et al. presented

a technique for callbrgtlng a camera using one or more im-4 5 Ntation

ages of a pattern that is unknown but suf ciently structured

to be considered a low rank texture matric]. Given a Vectors and vector functions are represented by bold

single image, the algorithm enables to recover the distor-symbols, e.gx, F(x), scalars and scalar functions are in-

tion parameters and the principal point whenever the scenedicated by plain letters, e.gr, f (x), g(r), matrices and

has two patterns orthogonal to each other. This requiremenimage signals are respectively denoted by capital letters in

considerably limits the number of cases where the camerasans serif and typewriter fonts, e.g. the matvixand the

parameters can be recovered. Moreover the approach reimagel. Points, lines and conics are represented in ho-

quires the user to roughly indicate the localization of the mogeneous coordinates. We do not distinguish between a

patterns which precludes fully automatic applications. projective transformation and the matrix representing it.



2. Background concepts 0 1

af sf ¢
Throughout this article we will model the camera distor- K=@ 0 alf ci A

tion using the so called division modél [ 1], where isthe 0 0 1

negative parameter that quanti es the amount of distortion.

h() is the radial distortion function that maps undistorted P being the standar8 6 projection matrix [4], and

pointsu in P2 into distorted pointsl in P2: h() being the radial distortion function with being now
expressed in millimetres instead of pixels.

d hu) (20, 20, us+ p TN CERT) )T 3.1. Condition for a conic to be the image of a line

Q) The conic where a line is imaged is now given by
Letn ( ny ny n3 ) bethe projection of a 3D line transforming the result of equati@by the intrinsic param-
according to the conventional pinhole model. The distortion etersK, as shown in Fig2a Since projective transforma-

function1 transforms a line into the conic given by [3]: tions preserve incidence and cross-ratio relations, the conic
0 1 must intersect the line at in nity in points® Kl and
ns o JO KJ, and must verify an harmonic relation with respect
=@ 0 n; ur A 2) to pointsr® Kr . Therefore, a conic is the image of a
5 %2 Ns lineiff itveries ! =0,with! T being its representation

. _ _ _ inP>and being the3 6 matrix:
It has been shown i8] that is the distorted image of

a world lineiff it passes through the circular poirtand

J, and pointg . andr are harmonic conjugates] with 2 (as ia®)? as ia 1 0 0 O 3
respect to : =4 (as+ia?)? as+ia 1 0 0 05 (5
c a Cx G & ¢ 1
8 I ?z }
21T 1=0  with I=(1 i 0)T
JT J=0 with J=(1 i 03T
z : - with = .
riT r =0 with r =(1 0 (N’ f2

The two rst rows are the lifted representationldfand
JCrespectively, and the last row is the joint lifted represen-
tation ofr, andr [2].

For convenience we will use, whenever needed, lifted
representations of points and conics:

2 Lol s 3 If the calibration parameters of the camera are known,
ot 4 s !23 % 5 q=0 then the conic can be estimated frold  2image points
Z%oe )2 ' using constrained least squarés][ with equations giving
| 2§ O } the set of 3 linear constraints.

3.2. Minimal solution for the calibration

2 '3, la ls s .47 =0 (4 , . o
| {z } From equatiord, we observe that the images of lines lie
vT in a 2D subspac8 of P° that encodes the calibration. We

whered denotes the lifted coordinates gfaccording to a  NOwW show how to recover the calibration parameters from 3

second order Veronese ma.[ line imaged 1,! , and! 3 (Fig. 2b). If the projection of a
3D line is correctly estimated in the image plane, intersect-
3. Calibration from 3 lines ing it with the line at in nity de nes pointd °andJ® whose

coordinates encoda and s as shown in Fia Solving
The division model of equatiofi is usually studied as  with respect to these parameters it can be shown that:

a bijective mapping in image coordinates. In this work we s

assume the mapping to be before the intrinsics. In this case, lg 113 ly

a pointQ in 3D is projected onto a poirt in the image by: as arz and s= P (6)
q Kh(PQ): where! ; are the entries of . We can therefore retrieve

ands from the image of a single line.
with K being the matrix of intrinsic parameters of the The principal poin{cy; ¢,) and distortion parameter are
camera: encoded in the third orthogonal vector to the subspace of



as —ia? as + ia?
T = 1 J = 1
0 0 |

Figure 2: Intersecting projections of 3D lines with the line at in nity.

lines,S. Given tree line images, we can determine this sub-  The calibration solution demonstrated above enables to

space and compute by parametrizing the null space of the determine the back-projection directions up to an angular

lines as follows: multiplicative factor. Determining this multiplicative factor
requires knowing, directly or indirectly, the absolute angle
between two back-projection rays (e.g. know 'a priori' the

NC 1t 2t 5) = KaVa+ KoV + KV (7) eld-of-view (FOV) of the camera or extract focal distance
with 2 N(! 1;! »;! 3). Considering the third row d®hi, from EXIF tag).
, the following conditions must hold:
8
2 =1
S 3 5 4=0
2 =0

3.3. Calibration algorithm

After solving the rst constraint in order t& 3 and replac-

ing it in the other two, the parameteks; andK , can be

computed by intersecting the two conic curves given by the  The previous section demonstrates how to calibrate a

2" and3™ constraints (system of two second order homo- camera from a minimum of 3 imaged lines. In practice, for

geneous polynomials). From the 4 possible solutions weeach conic, we are only able to extract points belonging to

choose the one with physical meaning. a small arc of the conic. The joint effect of noise and strong
In summary, we have shown that tree world lines are suf- partial occlusion makes the estimation of the conic very un-

cient to calibrate a camera. However, two important re- certain []. In Fig.2cwe can see that the arrangement of the
marks are done: initial conics i(o) does not comply with the constrains de-
rived in sectior3.1 In this case the conics do not intersect
the line at in nity in two unique points and the harmonic

relations with respect to point§ andt®are not consistent.

1. We are only able to determine the ratidetween
andf 2, that can be understood as the distortion pa-
rameter expressed in pixels rather thanmm. Nev-
ertheless this coupled parameter enables to rectify the
image distortion (as shown in the experiments). Table 1 summarizes the unsupervised calibration algo-

rithm. We start by estimating the likely location of the

conics intersection with the line at in nity (steps 1 to 3)

and then the conics a re-estimated from the correspond-

ing image points enforcing the incidence with poititand

JO (step 4). The principal poinfc;c,) and are esti-

mated by computing the vector lying in the null space

N(! 1;! 2;!1 3) (steps 5to 6).

2. We can verify that, considering a fourth line projec-
tion ! 4, puts no further constraints to the calibration
problem. The conic curve must satisfy two linear con-
straints since it must pass by poihfandJ®, and must
belong to the subspace orthogonal to This means
that only 2 of the 5 DOF of the conic curve are re-
ally independent and they refer to the orientation of the
plane containing the original line in 3D (sed)[. Thus,
we conclude that line imagés;, with i > 3, bring The calibration estimation of steps 1 to 6 is sub-optimal
no additional information about the camera calibration and is used as initialization for a nal iterative optimization
and itis impossible to decouple the focal lenfytiiom step. From the analytical form of (see Fig2a), and af-
the distortion parameter using exclusively line fea- ter some algebraic manipulation, we derive the following
tures. equation:
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Iy 0 © 2a s 0 N 1
3 0 0 (a% + s?) _ YA
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with G being a6 3 matrix that encodes the calibration
parameters anth being the3 1 vector encoding the ori-
entation of the plane that contains the liGg [

Given the conicd ; and the matrixG, computed with
the calibration initialization, the corresponding veator is
determined linearly. Letqj(') be contour poinf =1 N;
belonging to théth conicw;. The bundle adjustment of the
calibration parameters is carried by minimizing the function
of equation:

XX

2
f min miTGqu(') ;
a;S;Cx,Cy,; Mj

©)

izl j=0

Note that, if there is no prior knowledge abaatand
s, it is possible to estimatt® and J° from steps 1 to 3 in
Table1. However, if there is some prior knowledge such
that reasonable assumptions can be made atands (e.g.
the camera is skewless and has square pixels), then the
rst steps can be skipped and the calibration carried trough
4t07.

4. Line extraction from a calibrated image

Let us assume a calibrated image with distortion for
which we want to detect projections of world straight lines.
We start by applying a standard edge detect6y, followed
by a connected components algorithm in order to obtain
several contours; that are line projection candidates. We
aim at identifying the contourg that support conick ly-
ing on the 2D subspac® 2 P° de ned by the calibration
parameters. This can be seen as a multi-model tting prob-
lem where the models are the conics consistent with the
calibration and we want to assign to each congarmodel
(or discard the contour in case it does not t any model).
Following this, we formulate the detection of lines as an op-
timal labelling problem that is cast as an UFL instancd.|

4.1. Uncapacited Facility Location (UFL) problem

Suppose that we need to open a set of faciliti@sto
serveN customerg, 2 E whose locations are known. Con-
sider a seV, comprisingM possible facility locations, the
cost Ci‘j’ for assigning the facilityl j° to the customer
and the cost? for opening the particular facility °. The

Table 1: Unsupervised calibration algorithm. Steps 1 to 3
apply when there is no prior knowledge of the camera aspect
ratio and skew angle.

1. Given 3 contoursg-; 3, estimate the conics
,@1 3 using a standard conic tting algorithm.
For our experiments we use Taubin's methad] [

due to its better performance with small argk [

. Intersect each conici(o) with the line at in nity

and obtain ¢ andJ® estimates].

. Estimate the pair of complex conjugate poitfts
JO%from the paird?, 19 by averaging the real and
imaginary parts.

. (Re)-estimate the conics using constrained least
squares [, forcing them to intersedt’ andJ®.

. Given the conics j-; 3 compute a basis for the
null spaceN and determine the vector by solv-
ing equationy.

. Extract the principal poinfc,;cy) and from

vector

. Re ne the calibration result by minimizing equa-
tion 8 using iterative optimization (equatic).

p
<

goal of the UFL problem is to select a subset\gf such
that each customer is served by one facility and the sum of
the customer-facility costs plus the sum of facility opening
costs is minimized. This leads to an integer programming
problem that is usually formulated using unary indicator
variablesyjO and binary indicator variableq‘j’ , and whose
objective is to nd the vectok® = fx9;::x? :::x%y g such
that :

b AN X
min G xj+ vy (20)
i=1j=1 j=1
8 0.,,0 . .
E Xij ,y]- 2 fO,lg, 8i;j
subject to - 1x}]? =1;8 (11)
J:
y' o X8

The second constraint in equatibhensures that each cus-
tomer is assigned to one facility, while the last constraint
guarantees that each customer is only served by open facil-
ities. For solving the UFL problem, we use the local mes-
sage passing approach proposed by Lazic etallf].



4.2. Line detection as a UFL problem

Letg 2 E withi = 1:::N be theith connected compo-
nentin the image. The objective is to assign to each segment
€ an image conictjO 2 Vg using as few unique models as
possible. Consider that the segmeatsare the customers
and the putative conids] are the facilities. Let the cosﬁ
be the root mean square geometric distance between points Figure 3: UFL for nding lines according to calibration.
of  and conic! 0. Let vo be a constant cost for adding
! 0 in the nal models aSS|gnment The goal is to select a
subset of conics il such that sum of the consistency mea-
surestf and the costs is minimized, which corresponds
to the minimization of E4.0. Fig. 3 shows the result of
the UFL formulation applied to an image with considerable
amount of clutter and where straight lines projections are
often separated. It can be seen that the line extraction al-
gorithm successfully identi es the correct lines and clusters Flgure 4: HFL formulation for the unsupervised calibration.

disconnected segments in the same line. + are calibration hypothesis arhcj? are conics estimated
from segmentg constrained by the associated calibration.

The dotted lines indicates in nite costs between nodes.

5. Unsupervised Plumb-line calibration using
RANSAC-UFL

In the previous section we presented an algorithm that,
given the calibration, detects and estimates distorted world ~ Given a set of connected componeats2 E, a set of
lines projections. This section considers the unsupervisedimage conic | 02 v and a set of calibration hypotheses
calibration of the camera, which consists in simultaneously L2V the objectlve is to assign an image conic to each
determining a suitable set of calibration parameters a|0ngsegmene, minimizing the number of conics as well as the
with the corresponding world line projections in the image. numper of calibration hypotheses. This problem is cast as
This problem can be seen as a HFL instance. a HFL instance with two different layers (Fig). In addi-
tion to the costs andv? described in Sect, we add a
new penalizatiov} for every | contained in the solution.

5.2. Plumb-line calibration as a HFL problem

5.1. Hierarchical Facility Location (HFL) problem

Consider that the facilitiesjO described previously need
to be stocked by additional storage facilities. Consider
a set ofM facility locationsVy andL storage facilitied/; .
In addition to the coste? andc? described in the previous
section, we now add the cosji for opening the storage
facility , and the cost| associated with the facility
supplying the facility! 1-0. The goal of this two layer HFL
problem is to nd the vectox = fx°;x1g that minimizes
the following function:

. 2 n
min - ogxj+ Ollka * nyJ flyk
i=1j=1 j=1k=1 i=
8
3 x) i xiyliye 2 f01g
R
s.t x? =18 X = ¥ 8;
_B i=1 v k=l
yY o x) ;8 Yi X 8k

The additional restrictions compared to Hd.are that if a
facility ! J-O is closed in layeD, then! J-O will not need to be
stocked by a storage facilityjl, whereas if a facility! jo is
open, then it must be stocked by a facility in layter

Since only one calibration} is desirable, the penalization
vi should be very high.

Calibration hypotheses} are generated from segment
g triplets using the method described in TatleFor each
generated { we compute théV conics! J-O that are con-
sistent with the calibration and minimize the geometric
distance ofe to! 1-0 (the method described in secti@nl),

with:

mnMk 1)#1; 05 KM ;g

|Vl( ) r Wl} g
i2jk

wherej contains the indices of the conics that were gener-
ated from a particular calibration}. Our HFL formulation
retrieves a single calibration by setting the connection costs
ci betweerl ?and } as

j2f

1 - O

ifj 2]
k= 1 I 4k

otherwise

5.3. RANSAC-UFL

The high combinatorial nature of calibration models and
line segments, along with the fact that we aim at jointly
detecting+clustering the contours which are projection of



lines and nding the calibration parameters, motivate the g ’fpe“”a“"
use of a HFL approach over other multi-model tting ap-

proaches 15]. Being formulated as a HFL problem, the ﬁ

unsupervised calibration algorithm can be computationally ‘
intensive if the number of segmemsand/or the number of L
calibration hypothesis  is high. We show that our HFL
problem can be ef ciently solved as a minimization over
a calibration dependent functidn. (x9), which in turn is
the result of solving the UFL problem (please refer to the
supplementary material for details):

=

Manual  Automatic Manual  Automatic

P o kP N W

Center x10° Skew angle

n o — —+
|
!

+

X
i ﬁ(xo):mxip qxp + o)+ fE (12)
=1 2]k i2]x

cx-M cx-A cy-M cy-A Manual  Automatic

subject to the constraints in Eq1L Following this, we Figure 5: Callbratl_on percentage deviation from ground
. truth. The top left image shows an exemplar of the man-
propose a RANSAC-based approach for unsupervised cal- : s
; o .~ ually selected lines. The bottom right image shows the au-
ibration: theRANSAC-UFL. As the name suggests, this . . : - o
e - tomatically selected lines during unsupervised calibration.
framework consists in subdividing the general HFL problem
into various UFL problems, therefore greatly reducing the
computational cost without changing the optimality bounds.
The RANSAC-UFL randomly samples triplets of connected
components, generating calibration hypothesjs Then,
each {1 is evaluated separately using Bf. The calibra-
tion with the lowest UFL energy %(Xo) is the output of
the unsupervised calibration.

6. Experimental results Figure 7: Comparison in distortion correction between
Bukhari et al. ] (leftmost image) and our method (right-
]most image) in 2 scenes. For each scene we show the seg-
mente on the top and the resulting distortion correction in
the bottom.

To evaluate our unsupervised calibration accuracy we
compared the camera parameters estimation in 8 image o
a cluttered environment against ground truth calibration ob-
tained with [l]. In Fig. 5, we show results of: (i) using
3 manually selected lines per image and calibrating with
the minimal solution of sectioB.2, and (ii) using the com-
pletely unsupervised algorithm described in this paper. It
can be seen that the estimation is accurate and robust even |n, this work we have proposed a new method for the cal-
in a heavily cluttered environment. ibration of a camera using a minimum of 3 natural lines in

In Fig. 7, we compare our approach with][by cor- a single image. Our work is based on a solid geometric in-
recting the radial distortion in some images dominated by terpretation of the line projection under the division model
straight world lines, showing that out approach outperforms in perspective cameras and is able to estimate the principal
[9] for the estimation of the center and amount of distortion point, aspect ratio, skew angle and a coupled parameter of
in both robustness and accuracy. In Figve presentresults  the distortion and focal distance. For unsupervised camera
in challenging scenarios mined from the internet (where the calibration, we devised a framework for the joint line de-
method in P] fails to obtain a valid calibration). tection and calibration parameters estimation from a single

Note that, in the absence of large segments in the imagejmage, that has been tested in challenging situations.
the estimation of ands (Table 1, steps 1 to 3) becomes
very unstable (see Figc). To overcome this we setand dAcknowIedgments
s to reasonable values in images with small segments an
proceed with the estimation from steps 4 to 7. This work has been supported by the Portuguese Foun-

Further results are shown in the supplementary material,dation for Science and Technology (FCT) and COMPETE
including the complete set of images used in Fig. The program (co-funded by FEDER) under grants PDCS10:
code is implemented in MATLAB and is publicly available PTDC/EEA-AUT/113818/2009, SFRH/BD/79359/2011
for download at the author's website. and SFRH/BD/47488/2008.

7. Conclusion



Figure 6: Results of the unsupervised calibration in images mined from the internet. The rst column shows the segments
highlighted in different colors. The second column shows the detected lines consistent with the calibration. The third column
shown the distortion correction. The next 3 columns have the same meaning.
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