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Abstract

Animagingsystemwitha singleeffectiveviewpointiscalled
a central projectionsystem.Theconventionalperspective
camera is an exampleof a central projectionsystem.Sys-
temsusingmirrors to enhancethefield of view while keep-
ing a uniquecenterof projectionare alsoexamplesof cen-
tral projection systems.Perspectiveimage formation can
be describedby a linear modelwith well knownproper-
ties. In general central catadioptric imaging the mapping
betweenpointsin theworld andin theimage is highlynon-
linear. This paperestablishesa general modelfor central
catadioptric image formationmadeup of three functions:
a linear functionmappingthe world into an orientedpro-
jectiveplane, a non-lineartransformationbetweentwo ori-
entedprojectiveplanes,anda collineationin theplane. The
modelis usedto studyissuesin theprojectionof lines. The
equationsandgeometricpropertiesof general catadioptric
imaging of linesare derived.Theapplicationof theresults
in auto-calibration of central catadioptricsystemsand re-
constructionare discussed.A methodto calibrate the sys-
temusingthreeline imagesis presented.

1. Intr oduction
Many applicationsin computervision,suchassurveillance
andmodelacquisitionfor virtual reality, requirethata large
field of view is imaged.Visual control of motion canalso
benefitfrom enhancedfieldsof view. Computationof cam-
eramotion from a sequenceof imagesobtainedwith a tra-
ditional camerasuffersfrom theproblemthat thedirection
of translationmay lie outsidethefield of view. Panoramic
imagingovercomesthis problemmakingtheuncertaintyof
cameramotionestimationindependentof themotiondirec-
tion [1, 2]. In imagebasedvisualservoing keepingthetar-
get in the field of view during motion raisessevere diffi-
culties. With a large field of view this problemno longer
exists. Oneeffective way to enhancethefield of view of a
camerais to usemirrors. Thegeneralapproachof combin-

ing mirrors with conventionalimagingsystemsis referred
to ascatadioptricimageformation[3].

The fixed viewpoint constraintis a requirementensur-
ing that the visual sensoronly measuresthe intensity of
light passingthroughasinglepoint in 3D space(theprojec-
tion center). Vision systemsverifying the fixed viewpoint
constraintarecalledcentralprojectionsystems.The well
known perspective camerais an exampleof a centralpro-
jectionimagingsystem.Centralprojectionsystemspresent
interestinggeometricproperties. A single effective view-
point is anecessaryconditionfor thegenerationof geomet-
rically correctperspective images[4], andfor theexistence
of epipolargeometryinherentto themoving sensorandin-
dependentof the scenestructure[5]. It is highly desirable
for any vision systemto have a single viewpoint. In [4],
Baker et al. derive the entireclassof catadioptricsystems
with a singleeffective viewpoint. Systemsbuilt usinga a
parabolicmirror with anorthographiccamera,or anhyper-
bolic, elliptical or planarmirror with a perspective camera
verify thefixedviewpoint constraint.

A catadioptricrealizationof omnidirectionalvisioncom-
binesreflective surfacesandlenses.Catadioptricimaging
systemsthatpreservetheuniquenessof theprojectionview-
point arecalledcentralcatadioptricsystems.Centralcata-
dioptric imagingcanbehighly advantageousfor many ap-
plicationsbecauseit combinestwo important features: a
singleprojectioncenterandawidefield of view. Thedraw-
backof this type of sensorsis that in generalthe mapping
betweenpointsin the3D world andin the imageis highly
non-linear. This paperinvestigatesthegeometryof central
catadioptricimageformation.Perspective imageformation
canbe describedby a linear modelwith well known geo-
metric properties.Many timescorrectperspective images
aregeneratedfrom framescapturedby catadioptricsensors,
andsubsequentlyprocessed.We wish to studythe advan-
tagesof workingdirectlywith thecatadioptricimageswith-
out warpingthem. Applicationsusinginformationdirectly
extractedfrom panoramicimagescan only be developed
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Table1: Differentmirror surfaces.

if the geometryof centralcatadioptricimageformation is
known.

In [6], Geyer andal. introducean unifying theory for
all central catadioptricsystems. They show that central
panoramicprojectionis isomorphicto aprojectivemapping
from the sphereto a planewith a projectioncenteron the
perpendicularto theplane.Thepresentpaperstartsby pre-
sentingageneralframework to describecentralcatadioptric
imageformation.Themappingbetweenpoint in 3D world
andpointsin thecatadioptricimageis split into threesteps.
World pointsaremappedinto an orientedprojective plane
by a linear function describedby a -/.10 matrix (similar
to theprojective cameramodelreferredto in [7]). Theori-
entedprojective planeis thentransformedby a non-linear
function 24365 . Thelaststepis a collineationin theplanede-
pendingon the mirror parameters,the poseof the camera
in relation to the reflective surfaceand the cameraintrin-
sicparameters.Themodelobtainedis general,intuitiveand
isolatesthenon-linearcharacteristicsof generalcatadioptric
imageformation.

A line in 3D projectsinto a conic in a generalcatadiop-
tric image. The equationsandgeometricpropertiesof the
resultingconic are derived in [6]. In [6, 8] the intrinsic
calibrationof centralcatadioptricsystemsusing line pro-
jectionsis discussed.A methodto calibratea systemcon-
sistingof a paraboloidandan orthographiclensusingtwo
setsof parallellines is presentedin [8]. Our work usesthe
establishedmappingmodelto derivetheequationsandgeo-
metricpropertiesof generalcentralcatadioptricline projec-
tion. Reconstructionaspectsarediscussed.It is shown that
theplanecollineationin thelaststepof ourmappingmodel
canberecoveredfrom theimagesof threelineswithout fur-
ther restrictions. This collineationdependson the system
parametersandcanbeusedto extract thecalibrationinfor-
mation.

2. Modelling Central Catadioptric Im-
ageFormation

This sectionestablishesanunifying modelfor centralpro-
jection panoramicimaging. The proposedmodel is valid
for all catadioptricsystemsthat verify the fixed viewpoint
constraintasdescribedin [2].
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Figure1: Centralcatadioptricvision system

2.1 Central Projection Catadioptric Systems

Fig.1 is a schemeof a centralcatadioptricvision system
combininganhyperbolicreflective surfacewith a perspec-
tive camera. Assumean hyperbolais placedsuch that
its axis is the z-axis, its foci are coincidentwith J andJ�KMLON (the origin of coordinatesystems P and PQKRLSN ),
its latus rectum is 0UT and the distancebetweenthe foci
is V . The equationof the correspondinghyperbolicsur-
faceis given in Tab.1 with WYX[Z\ 3^] V \`_ 0UT \badc Te5 andf Xhg Ti3 ] V \`_ 0UT \jakc T�5 . Considera mirror with the
shapeof the lower branchof this centralquadric. Light
rays incident with J (the inner focal point) are reflected
into rays incidentwith J�KMLON (the outer focal point). As-
sumea perspective camerawith projectioncenterin J�KMLON
pointedto themirror surface.All thecapturedlight raysgo
originally throughtheinnerfocusof thehyperbolicsurface.
The effective viewpoint of the grabbedimageis J andis
unique.

Elliptical catadioptricimagesareobtainedcombiningan
elliptical mirror with aperspectivecamerain asimilarway.
For this casethe light rays capturedby perspective cam-
eraarereflectedby theinnersurfaceof a cut ellipsoidwith
foci in J and J KRLSN and latus rectum 0OT . The equation
of the elliptical reflective surfaceis given in Tab.1 whereWlX Z\ 3 ] V \`_ 0UT \m_�c T�5 and

f X g Tn3 ] V \Q_ 0OT \m_oc T�5 .
Assumenow a parabolicreflective surfaceplacedsuch

that its axis is thez-axis,andits uniquefinite real focusis
coincidentwith J . Light raysincidentwith J arereflected
into raysparallelwith thez-axis.Consideranorthographic
camerawith imageplaneperpendicularto the z-axis. The
cameraonly receivesthe light raysreflectedby the mirror
surface.Theeffectiveviewpoint is in J andis unique.

2



R
3

w w w

w w w

ε T 2

Xm=
h

(   x,   y,   z, 1)λ λ λ

(     x,     y,     z)λ λ λ

ix =

εXw=

Xw=

(x  ,y  ,z  )

(x  ,y  ,z  ,1) ε
3

P
h

P=R[I|−C]

(x ,y ,z )

MSurfε

homogeneous

multiply by 

homogeneous

λ

cam= cam cam cam

(x  ,y  ,z  )

ε T 2

ε 2P

P   .A   

K   .R   

c c

c c

iii

( x     , y     , z     )

ε MSurf

x=

x

Xm=

Figure2: Mappingfor differentcentralcatadioptricsystems

A catadioptricsystemmadeup of a perspective camera
steeringa planarmirror also verifies the fixed view point
constraint.Theeffectiveprojectioncenteris behindthemir-
ror in theperpendicularline passingthroughcameracenter.
Its distanceto the cameracenteris twice the distancebe-
tweenthe planarmirror andthe camera.It will be shown
thatthis is in many aspectsa degeneratecaseof thecentral
catadioptricprojection.Thegeometryof planarcatadioptric
imagesis equivalentto conventionalperspective imaging.

2.2 Mapping the World in a Catadioptric Im-
age

Fig.2 illustrates the mappingperformedby the different
typesof centralcatadioptricsystemsdescribedin previous
section.Consideragenericscenepoint,visibleby thecata-
dioptricsystem,with cartesiancoordinatesprq in theworld
referenceframe. The correspondinghomogeneousrepre-
sentationis prsq . Eachvisible point canbe associatedto a

t u K vrK
Parabolic

\xwy{z}| ~ Zn������QZn��������QZ�� �
Hyperbolic

\M�^wyO��� �{� z}� wU� z \�wU� z � | � ��� ��� any

Elliptical
a \{�^wyO� � � � z�� w ��� \xwU� z � | � ��� ��� any

Flat
�\ y � ��� ��� any

Table2: Mappingparameters(notice: �bX ] � \ _�� \ _�� \ )
projective ray � joining the point with the effective view-
point of the centralprojectionsystem. ��X u prsq whereu X�v � ��� a�� � is a -/.10 matrix transformingpoints in
the world referenceframe in projective rays in the mirror
coordinatesystem(

�
representsthe world origin coordi-

natesin themirror referenceframe, v is therotationmatrix
betweenthecoordinatesystemsand � is a -�.b- identityma-
trix). We canthink of theprojective rays � aspointsin an
orientedprojective plane ��� . Notice that in standardpro-
jective geometry, givena projective point � ,

t � represents
the samepoint whenever

t �X¢¡ . In an orientedprojective
planethis is only true if

t�£ ¡ [11, 12]. This is important
whenmodellingpanoramicvision sensorswherediametri-
cally oppositepointsrelativeto theprojectioncentercanbe
simultaneouslyimaged.

To eachprojective ray � correspondsa projective ray��KRLSN goingthroughthecameracenter. This oneintersects
theformerin themirror surface.Theintersectionpoint can
be computedby scalingthe projective ray � usinga spe-
cific

t
. p N X t � arethe coordinatesof the point where

theprojectiveray � intersectsthemirror surface.Theequa-
tions to compute

t
arepresentedin Table.2.Notice that

t
dependsboth on � andon the mirror surface. The corre-
spondingprojective ray in thecameracoordinatesystemis��KRLSN(X u K�¤¥KOp8sN . ¤¥K is the 0/.*0 transformationma-
trix (rotation and translation)betweenmirror and camera
coordinatesystemsand ¤¥K�prsN is the intersectionpoint in
homogeneouscameracoordinates.

u K is the -¥.¦0 projec-
tion matrix that transformsthis last point in the projective
ray ��KRLSN . For thehyperbolic,elliptic andplanarcatadiop-
tric system

u K is a perspectiveprojection,for theparabolic
catadioptricsystem

u K representsan orthographicprojec-
tion (seeTable.2).

In the caseof the hyperbolicandelliptical systems,the
fixedviewpoint constraintis verifiedwhenever the camera
centeris coincidentwith the secondfocusof the reflective
surface.Therearenorestrictionsonthecameraorientation.v K is a -§.¨- rotationmatrix specifyingthe camerapose.
Thesamecanbe saidwhenusinga planarmirror. For the
parabolicsituationthe camerais orthographicwith center
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Figure3: Thenew mappingmodel

at infinity. However there is an importantrestriction, its
imageplanemustbeorthogonalto theparaboloidaxis. We
aregoing to assumethat v8©*X � for the parabolicmirror
situation(seeTable.2). �}ª«X(¬ K v K � KRLSN representsthe
point in theimageplanewhere ¬ K is thematrix of camera
intrinsicparameters.

2.3 The NewMapping Model

Themappingdepictedin Fig.2 is general,coveringall cen-
tral catadioptricsystems,in all possibleconfigurations.Vis-
ible points in the scene prsq are mappedinto projective
rays/points � in the catadioptricsystemreferenceframe
centeredin the effective viewpoint. The transformationis
linearbeingdescribedby a -Q.0 matrix

u
. To eachoriented

projective ray/point � , correspondsa projective ray/point��KRLSN in a coordinatesystemwhoseorigin is in thecamera
projectioncenter. Noticethat � and ��KMLON mustintersectin
themirror surface.We canthink of this transformationasa
non-linearmappingbetweentwo orientedprojectiveplanes.
The relation betweenprojective point � ª measuredin the
catadioptricimageand��KMLON isestablishedbyacollineation
dependingon cameraorientationandintrinsic parameters.®°¯M±�² Xd³ ¯µ´�¶�·^®m¸ (1)

³ ¯ Xº¹»8¼ a¨½ ¡ ¡¡ ½�a ¼ ¡¡ ¡ ¾
¿À

(2)

½ ¼Parabolic ¾ ¾ _�c T
Hyperbolic

�� �{� z�� w�� � z \xw� �{� z�� w��
Elliptical

�� � � z�� w � � � \xw� � � z�� w �
Planar ¡ ¾

Table3: Mappingparameters
½

and ¼
¶�·x®m¸ XÁ3 �] � \Q_1�Â\`_��µ\}Ã �] � \`_��Â\m_��4\}Ã �] � \`_1�Â\m_��µ\ _½ 5�Ä

(3)
For a conventionalprojective camerathe mappingbe-

tweenpointsin theworld andpointsin the imageis linear
if homogeneouscoordinatesareassumed[7]. In themodel
presentedin last sectionall the transformationsare linear
with theexceptionof themappingof � into ��KMLON . As men-
tionedbeforewe canthink of � and ��KMLON asorientedpro-
jective points. The relationshipbetweenthesetwo points
is establishedby ��KMLONÅX�Æb3Ç��5 where Æ representsa non-
linear correspondencebetweenpointsin two differentori-
entedprojective planes.Thus

t ��KRLSN�X t Æb3Ç��5 whenevertÈ£ ¡ . Usingthispropertyandaftersomealgebraicmanip-
ulation the correspondenceestablishedby Æb365 (the dotted
areain Fig.2)canbewritten in theform of equation1. The
matrix É K dependson themirror parameters(seeequation
2). Theparameters

½
and ¼ arepresentedin Table.3.Func-

tion 24365 is given by equation3. Notice that 243 t ��5rX t �
whenever

tÊ£ ¡ . 2µ3Ë5 is a positive homogeneousfunction
andcorrespondence� K Xd2µ3Ç��5 canbeinterpretedasanon-
linearmappingbetweentwo orientedprojectiveplanes.®ÍÌ XÊÎ ¯µ´�¶�·RÏÐ´'ÑÓÒÔ ¸ (4)

Î ¯ XÖÕ ¯ ´'× ¯ ´ ³ ¯ (5)

Figure3depictsaschemeof theproposedmodelfor gen-
eralcentralprojection.Themappingbetweenpointsin the
world p q and projective points in image � ª is given by
equation4. Points p8sq in projective 3D spaceare trans-
formedin points � in theorientedprojectiveplanewith ori-
gin in the effective viewpoint of the catadioptricsystems
( �dX u�Ø p8sq ). Points � aremappedin points � K in a sec-
ond orientedprojective plane. The correspondencefunc-
tion � K X¢243Ù��5 is non-linear. Projective points �}ª in cata-
dioptric imageplaneare obtainedafter a collineation Ú K
( �}ª�XÖÚ K � K ).

Figure4 depictsan intuitive “concrete” model for the
proposedgeneralcentralprojectionmapping.To eachvis-
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Figure4: ”Concrete”modelfor centralcatadioptricimage
formation

ible point in spacecorrespondsan orientedprojective ray� joining the 3D point with the effective projectioncenterJ . Theprojectiveray intersectsaunit spherecenteredin J
in a uniquepoint á . Considera point J«K with coordinates3Ç¡ Ã ¡ Ã a�½ 5 Ä in spherereferenceframe P . To each � corre-
spondsan orientedprojective ray ��K joining J�K with the
intersectionpoint á in the spheresurface. Pointsin cata-
dioptric imageplane ��â (not representedin the figure) are
obtainedafteracollineationÚ K of 2D projectivepoints � K .
Thesceneis projectedin thespheresurfaceandthenpoints
on the spherearere-projectedin catadioptricimageplane
from a novel projectioncenterJ K . Point J K Xã36¡ Ã ¡ Ã a�½ 5 Ä
only dependson mirror parameters(seeTable.3). For a
parabolicmirror

½ Xä¾ and J K belongsto the spheresur-
face. The re-projectionis a stereographicprojection. For
hyperbolicandelliptical caseJ«K is insidethespherein the
negative z-axis. The planarmirror is a degeneratecaseof
centralcatadioptricprojectionwhere

½ X�¡ and J�K is co-
incidentwith J . The mappingof equation4 is linear and
themodelbecomesequivalentto theconventionalmodelfor
projectivecameras.¶Qåmæç·x®°¯è¸ X�3 têé � é Ã t�é � é Ã têé � é a¨½ 5 Ä (6)t é X � é ½�_ ] �µ\é _ 3x¾ a¨½�\ 5U3 � \ é _1�Â\é 5� \ é _��Â\é _��µ\é (7)

To each projective ray � correspondsone, and only
one, projective ray � K . Thus 24365 is homogeneouspos-
itive injective function with an inverse 2 � æ 365 . The in-
versefunction 2 � æ 3Ë5 mapspoints ��K in oneorientedprojec-
tive plane,in points � in anotherorientedprojective plane

( ��XÁ2 � æ 3Ù��Kè5 ). Onceagain 2 � æ 365 is a non-linearfunction
(seeequation6).

3 Line Imaging in General Central
Catadioptric Projection

Thissectionfocuson line imagingby a centralcatadioptric
vision system. The model for centralcatadioptricimage
formationproposedin theprevioussectionis usedto derive
theequationsandgeometricpropertiesof line imaging.

Without lossof generalitywe aregoing to assumethat
world referenceframeis alignedwith catadioptricreference
frame(

u X � ��� ��� ). It is alsoassumedthat Ú K X � . By do-
ing this thestudywill focuson thenon-linear24365 mapping.
The imageobtainedonly differs from the real catadioptric
imageby a familiar standardcollineationbetweentwo pro-
jectiveplanes.

A planarcatadioptricsystemis a degeneratecaseof a
centralcatadioptricprojection. The mappingis similar to
conventionalprojectivecameras.Thusthestudywill focus
only on parabolic,hyperbolicandelliptical projection(

½ �X¡ ).
3.1 The Conic Imageof a Line in the Scene

Assumea line in the scenecontainedby a plane ë X3Çìîí Ã ìîï Ã ì y Ã ¡45 Ä goingthroughtheorigin J of thecatadioptric
system.The line projectsin ðX u�ñ�Ø ë . Since

u X � �µ� ���then ð�XÁ3Çìîí Ã ìîï Ã ì y 5 Ä .ò�ó ´'® Xd¡bô(ìîí � _ ìîï �õ_ ì y � XÓ¡ (8)ö X ¹» ì \í 3^¾ a*½ \ 5 a ì \y ½ \ ìîí�ìîïÂ3^¾ a*½ \ 5 ìîí�ì yìîí�ìîïÂ3x¾ a¨½ \ 5 ì \ï 3^¾ a*½ \ 5 a ì \y ½ \ ìîïSì yì í ì y ì ï ì y ì \y
¿À
(9)

Projective points � belongingto line ð satisfyequation
8. In theprevioussectionit wasshown that �÷X�2 � æ 3Ù� K 5
(equation6). The quadraticequation� ñ K � ��KoXø¡ is ob-
tained,after somealgebraicmanipulation,by replacing �
by ��K in equation8. The line is mappedinto a conic

�
in the catadioptricimageplane. The projective conic

�
is

givenin equation9. Fig.5shows this resultconsideringthe
spheremodel for centralcatadioptricprojection. The line
in spaceis projectedinto a greatcircle in the spheresur-
face. This greatcircle is the curve of intersectionof planeë , containingtheline andtheprojectioncenterJ , andthe
unit sphere.Theprojectiverays � K , joining J K to pointsin
thegreatcircle,form aconesurface.Theconesurface,with
vertex in the J K , projectsinto theconic

�
in thecanonical

imageplane. Notice that we can always think of a conic�
in theprojective planeascentralconeof projective rays

with vertex in theprojectioncenter.
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Figure5: Model for line imageformation in centralcata-
dioptric

3.2 Additional geometricissues�
is a degenerateconicwhenever ì y XÊ¡ . If theline is in a

plane
�

containingthe z-axisof the catadioptricreference
frame,its projectionis a line. Thiscanbeeasilyunderstood
usingthe spheremodel for the mapping. From now on it
will beassumedthat ì y �Xd¡ . If

½ X ¾ theconic
�

is always
a circle, which meansthatparabolicline imageis alwaysa
circle. This is alsoa well known result.

� XÁ3Çì \í _ ì \ï 5�3x¾ a*½ \ 5 a ì \y ½ (10)

Equation10 givesthe conic discriminant
�

. If
� £ ¡

then
�

is an hyperbola,if
� X(¡ then

�
is a parabola,

andif
��� ¡ then

�
is anellipseor a circle. Considerthe

cylinderwith radius
½

andaxiscoincidentwith thez-axisof
catadioptricreferenceframedepictedin Fig.5.Thecylinder
intersectsthe unit sphereinto two oppositecircles. Con-
sider the intersectionpoint of the spherewith the normal
to the plane

�
containingthe line in spaceand the corre-

spondinggreatcircle. If the intersectionpoint is between
thecirclestheline imageis anhyperbola.If theintersection
point is above or below the circlesthe line imageis an el-
lipse. Whenever the intersectionpointsis in thecirclesthe
line imageis aparabola.

Table.4 summarizesthe geometricparametersof the
conic image

�
of a line in space. Notice that oneof the

principal axes always goesthroughthe principal point of
the imageplane. Foci equationsareonly valid for central
conics(ellipseandhyperbola). If

�
is a parabolathereis

only onerealfinite focus Æ÷XÁ3Çìîí Ã ìîï Ã c ì y 5 Ä .

Center 3Çìîí�ì y Ã ìîï�ì y Ã a � 5 Ä
Principal
Axis

3 � ì í Ã � ì ï Ã 3Çì \í _ ì \ï 5xì y 5 Ä ; 3 a ì ï Ã ì í Ã ¡45 Ä
Major
and
Minor
Axis

�
	 � � z�	 � z�	 � � � 	 � ���M�� � ;
	 � � z�	 � z�	 � �� � �

RealFo-
cus

3 	 �	 � z � 	 � � z�	 � z�	 � ��� Z � 	 � Ã 	 
	 � z � 	 � � z�	 � z�	 � ��� Z � 	 � Ã ¾�5 Ä��3 	 �	 � � � 	 � � z�	 � z�	 � � � Z � 	 � Ã 	 
	 � � � 	 � � z�	 � z�	 � � � Z � 	 � Ã ¾S5 Ä

Table4: Parametersof the conic resultingfrom catadiop-
tric projection of a line containedby the plane ë X3Çìîí Ã ìîï Ã ì y Ã ¡45 Ä
4. Reconstruction and auto-

calibration
In thederivedgeneralcentralprojectionmodelthesceneis
projectedonthesurfaceof anunit spherecenteredin theef-
fectiveviewpoint J . Thecatadioptricimageis capturedby
a conventionalperspective camera,with viewpoint in J«K ,
that projectson a planethe points on the spheresurface.
Notice that the pointsof the world imagedby the camera
lie all on thespheresurface.This is animportantrestriction
with interestingfeaturesfor calibrationandreconstruction.

4.1 Threelinesprojectedon a sphere

Considerthreelines in the world. They arein planesë æ ,ë � and ë�� all going throughpoint J . Theseplanesmust
satisfytwo conditions:

� the planescannot containthe z-axisof the catadiop-
tric referenceframe(the degeneratecasewhena line
projectsontoa line);

� the rank of matrix � ë æ ë � ë � � mustbe 3 (the planes
do not belongto a pencil of planesintersectingon a
line);

Eachplaneintersectsthe unit sphereon a greatcircle
(Fig.6). Eachpair of greatcirclesintersectin two antipodal
points Æ�ª � and �lª � . The conditionsabove imply the exis-
tenceof six intersectionpoints. The line Æ ª � � ª � , contains
theorigin J , andis thecommondirectionof planesë ª andë � .
4.2 Relationswith the Planeat Infinity

Considerthe planeat infinity
��� X 36¡ Ã ¡ Ã ¡ Ã ¾S5 Ä defined

in thecamerareferenceframe PQK centeredin J«K . To each
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Figure6: Threelinesprojectedon thespheresurface.Each
pair of greatcircles intersectin two antipodalpoints Æ ª �
(front) and � ª � (back)

point
u

on the sphere,correspondsa projective ray going
throughthe perspective cameracenter J�K . The projective
ray intersectsthe plane

�%�
in the point &u . Moreover a

pencil of parallelplanesintersects
���

in the sameline '
(the horizon line) and a pencil of parallel lines intersects� �

in the samepoint &( (the directionpoint). Eachgreat
circle depictedin Fig.6definesa centralconeof projective
rayswith vertex in J K . The intersectionof a planewith a
quadricis aconiccurve,thuseachcentralconeof projective
raysintersects

� �
in aconic.Assumethat

� æ , � � and
� �

aretheconicsassociatedto ë æ , ë � and ë � .
Fig.7 depicts

� æ and
� � in ë � . The conicsintersect

in points &Æ æ � and &� æ � . Thesetwo points define a line) æ � X &Æ æ � * &� æ � . Similarly conics
� � , � � define) � � and� æ , � � define) æ � (not depictedin Fig.7).

Proposition 1: Consider &J theintersectionpoint of the
projectiveray J K J with ë � . Lines ) æ � , ) � � and ) æ � must
intersectin &J .

Proof: Theplane J«KOÆ æ � � æ � , which containstheoriginJ of the catadioptricsystem(seefig.6), intersectsë � in
theline ) æ � . Thusthe intersectionof J«K�J with ë � must
lie on ) æ � . Thesamecanbe saidaboutlines ) � � and ) æ � .
Therefore) æ � , ) � � and ) æ � mustintersectin &J .

Assume
�,+æ , �-+� and

�-+� are the conic envelopesof� æ , � � and
� � [14], andthat &( æ � , &( � � and &( æ � arethe

intersectionpoints of spacelines Æ æ � � æ � , Æ � � � � � andÆ æ �.� æ � with the planeat infinity. The following propo-
sition refers to &( æ � but is extensible to &( � � and &( æ � .
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Figure7: Theplaneat infinity

Points &u ææ � and &u � æ � arethepolesof line ) æ � with respect
to conics

� æ and
� � ( &u ææ � X �-+æ ) æ � and &u � æ � X �-+� ) æ � ).

Proposition2: Line Æ æ � � æ � is thecommondirectionof
planesë æ and ë � intersectingë � at &( æ � . Assumethatð ææ � is theline goingthroughpoints &J and &u ææ � . Point &( æ �
is thepoleof ð ææ � with respectto conic

� æ . Moreover, if ð � æ �
is the line going throughpoints &J and &u � æ � , then &( æ � is
alsothepoleof ð � æ � with respectto conic

� � .
Proof: The line in space Æ æ � � æ � lies in planeJ�KSÆ æ � � æ � . Thuspoint

( æ � mustlie in line ) æ � at ë � .
The pole of ) æ � with respectto conic

� æ is &u ææ � . Thus
points &( æ � and &u ææ � areconjugatewith respectto

� æ . The
origin of thecatadioptricsystemJ lies in theline Æ æ � � æ �
andis equidistantto points Æ æ � and � æ � (seeFig.6). This
implies that, in theplaneat infinity, points &( æ � and &J are
harmonicwith respectto &Æ æ � and &� æ � . Thus &( æ � and
&J areconjugateand ð ææ � X &u ææ � * &J is the polar line of
&( æ � with respectto

� æ . Point &( æ � canbedeterminedby
making &( æ � X �-+æ ð ææ � . Theconstructioncanalsobemade
with respectto

� � yielding thesameresult.

Conics
� � , � � and

� æ , � � canbe usedto determine( � � and
( æ � in a similar manner. Planeë æ containsboth

directions
( æ � and

( æ � . If ' æ is the intersectionline of
theplanewith ë � then ' æ mustgo throughboth

( æ � and( æ � and ' æ X ( æ � * ( æ � . Similarly ' � X ( æ � * ( � �
and ' � X ( � � * ( æ � . Notice that the rank of matrix� ë æ ë � ë � � mustbe3, thus

( æ � , ( � � and
( æ � arenever

coincident.

Proposition 3: In general a line intersectsa conic in
two points. Assumethat ' æ and

� æ intersect in &á æ and
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&v æ , ' � and
� � intersectin &á � and &v � , and 'C� and

� �
intersectin &áD� and &vE� . Thesesix intersectionpointsall
belongto F � (the absoluteconic in the plane at infinity
[13]).

Proof: In generala quadricin spaceintersectsë � in a
conic

�
which intersectsF � in four points. Eachpair of

pointsdefinesa line to whichcorrespondsapencilof paral-
lel planes(realor complex). This pencilof planesintersect
the quadricin circular sections[9]. Conic

� æ is the inter-
sectionof acentralconeof projectiverays ��K with theplane
at infinity. Planeë æ cutsthiscentralconein acircularsec-
tion (seeFig.6)andthesameappliesto any planeparalleltoë æ . Thus,thehorizonline ' æ of thepencilof planesmust
go throughtwo intersectionspointsof

� æ with F � . This
provesthattheintersectionpointsof ' æ and

� æ lie in F � .
Thesameappliesto points &á � and &v � , and &á � and &v � .
4.3 Applications to Auto-Calibration of Cen-

tral Catadioptric Systems

Notice that the relationshipsestablishedin the last section
are projective invariants. They were derived using inci-
denceandcross-ratios(pole/polarrelationshipswith respect
to conics).

As alreadymentionedthecatadioptricimageis captured
by a conventionalperspective camera,with viewpoint inJ�K , that projectsin a planethe pointson the spheresur-
face.It wasassumedthatcollineation ÚÈKÐX � (see3). The
planeat infinity wasdefinedin thecamerareferenceframe
with origin at cameracenter. Thus the threegreatcircles
representedin Fig.6 are imagedin

� æ , � � and
� � . The

imageplanecutsthecentralconesof projective rays ��K in
the sameconic lines asthe planeat infinity. Moreover all
theconstructionperformedin previoussectioncanbedone
in the imageplane. Points &á æ , &v æ , &á � , &v � , &á � and &v �
belong,not to the absoluteconic F � , but to the imageof
theabsoluteconic F (alsoequalto � ).

Considerthat ÚÈK �X � (which is thecasein general).In
thiscasetheimageof theabsoluteconicis F¢XdÚ � ñK Ú � æK .
It dependson the cameraintrinsic parameters,the camera
poseandthemirror parameters.Theprocedureof previous
sectioncanbeappliedto estimateF from theimageof three
lines in space.Theselinesaremappedinto threeconicsin
theimageplane.Thethreeconicsintersectin six realpoints
(which is assuredby therestrictionsthattheplanescontain-
ing the line satisfy). Theseintersectionpointsareusedto
determinesix pointsof F , asdescribed.Sincefive points
defineaconicthesix pointsaresufficient for theestimation
of F .

5 Conclusions

In this paperwe definea modelfor the imageformationin
centralcatadioptricsystems.Thisgeneralmodelis madeup
of threefunctions: a linear functionmappingworld points
into an orientedprojective plane,a non-lineartransforma-
tion betweenbetweentwo orientedprojective planes,and
a collineation. This model enablesthe definition of a re-
lationshipbetweenthe imagesof lines andthe parameters
of the absoluteconic. Theserelationshipsareusedto de-
velopacalibrationmethodto estimatetheparametersof the
absoluteconic.
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